We study experimentally the role of the bias current sweep rate in measurements of polarization switching ͑PS͒ of vertical-cavity surface-emitting lasers. We find that the size of the hysteresis cycle of the PS for increasing and decreasing current follows a power-law relationship with the speed of the current ramp. A similar relation is found for the laser turn-on. Numerical calculations based on the spin-flip model are in good agreement with the observations. We also show that the PS points and the power-law exponents depend critically on the noise level included in the simulations.
I. INTRODUCTION
Hysteresis phenomena are ubiquitous in nature and have been extensively studied in nonlinear bistable optical systems ͓1-9͔. The size of the hysteresis cycle obtained when a system variable is plotted vs a periodically time-varying parameter often depends on the sweep rate of the parameter. Increasing the sweep rate usually results in larger hysteresis cycles because the bifurcation point is delayed ͓10͔. Recently we studied this delay in the polarization switching points ͑PS͒ of vertical-cavity surface-emitting lasers ͑VCSELs͒, numerically in ͓11͔ and experimentally in ͓12͔. Here we focus on the effect of the sweep rate on the size of the PS hysteresis cycle.
Due to anisotropies that break the circular transverse symmetry, the output of a VCSEL is linearly polarized along one of two orthogonal directions. When the VCSEL begins to lase one linear polarization dominates, and when the injection current is increased, it is observed in many devices that at a certain value of the injection current, 1 , the emission switches to the orthogonal linear polarization ͓13͔. Hysteresis usually occurs because when the current is decreased the PS occurs at a current value 2 that is different from that for the upward scan, 1 . Moreover, the PS is often accompanied by complex polarization dynamics that can include polarization coexistence, polarization hopping, and the emission of elliptically polarized light ͓14-22͔.
In ͓11͔ the delay of the PS points due to the injection current sweeping rate was studied numerically. The injection current was varied linearly, ͑t͒ = i + bt for the forward sweep and ͑t͒ = f − b͑t − ⌬T͒ for the downward sweep, where b = ͑ f − i ͒ / ⌬T is the sweep rate, i and f are the initial and final values of the current ramp ͑ i Ͻ f ͒, and ⌬T is the time interval during which the current increases or decreases. The influence of the sweep rate b on the PS points 1 and 2 was analyzed, and it was found that 1 ͑ 2 ͒ increases ͑decreases͒ when b increases. Thus, fast current ramps enlarge the hysteresis cycle since the switching point moves to higher current values for increasing injection and to lower current values for decreasing injection. A power-law relationship was also found for the times when the bifurcations take place, t 1 ‫ء‬ and t 2 ‫ء‬ , measured from the minimum and maximum of the current ramp, respectively, t 1 ‫ء‬ = ͑ 1 − i ͒ / b for increasing current and t 2 ‫ء‬ = ͑ f − 2 ͒ / b for decreasing current. A relationship of the form t 1,2 ‫ء‬ ϰ b −␣ with ␣ Ӎ 0.95Ͻ 1 was found and experiments performed in ͓12͔ confirmed this numerical prediction.
An issue that remained to be explored is whether a scaling law exists for the size of the PS hysteresis cycle, A = ͉ 1 − 2 ͉, and if there is one, if the exponent is the same as that observed for the laser turn-on-turn-off hysteresis cycle, since the PS and the turn-on are bifurcations that arise from different types of instabilities. We find experimentally that the size of the cycle A increases with the frequency of the triangular ramp, ⍀ =1/ ͑2⌬T͒ as A = A s + ⍀ ␣ , where A s is the size of the static hysteresis cycle. The static cycle occurs when changing the control parameter adiabatically; as an example, in the case of the laser turn-on-turn-off cycle A s = 0 because when the bias current varies adiabatically the laser turns on and off at the same current value. We find similar values of the exponent ␣ for the turn-on-turn-off cycle and the PS cycle ͑0.74 and 0.69, respectively͒. Numerical simulations of the spin-flip model ͓23-25͔ give results consistent with this observation. However, they also reveal a critical influence of noise.
This paper is organized as follows. Section II describes the experimental setup and presents measurements of the turn-on and PS points for various frequencies of the triangular signal used to modulate the injected current. Section III describes briefly the spin-flip model and presents the results of the simulations. Section IV presents the conclusions.
II. EXPERIMENTS
The experimental setup, shown in Fig. 1 , is the same as in ͓12͔. A commercial single-longitudinal-mode VCSEL was driven by an ultralow noise current source and was temperature controlled to within 0.01 K. The laser output was collimated using an antireflection coated laser diode objective lens. The half-wave plate ͑HWP͒ and polarization beam splitters ͑PBS͒ were used to direct the orthogonal polarization components of the VCSEL to detectors D1 and D2. Two optical isolators ͑ISO1 and ISO2͒ with more than −40 dB isolation were used to prevent light feedback from the detectors into the VCSEL. The outputs from the detectors were stored in a 1 GHz bandwidth digital oscilloscope ͑OSC͒. The current supplied to the laser was controlled by a signal generator and a triangular modulation signal ͑of amplitude 0.45 mA peak-to-peak͒ was added to the VCSEL through the current source. The voltage on the laser changed from 1.55 mV to 2.0 mV. The frequency of the modulating signal was varied to study the influence of the speed of the current ramp.
At threshold the output of the laser is linearly polarized in one direction, defined as the X polarization. When the bias current is increased above a certain value, it is observed that the polarization switches to the orthogonal polarization ͑de-fined as the Y polarization͒. The turn-on point and the polarization switching points for increasing and decreasing current depend on the speed of the current ramp, as shown in Figs. 2͑a͒ and 2͑b͒, which display the polarization-resolved L − I curve for several cycles of the modulating signal, for a slow and a fast current ramp, respectively.
The lasing turn-on, indicated with a circle, is defined as the injection current for which the intensity of the X polarization reaches a given value ͑in Fig. 2 , I th = 0.005͒. The PS points for increasing and decreasing current, indicated with triangles and squares, respectively, are defined as the input for which the intensity of the suppressed polarization suddenly grows from the noise level and crosses a given value ͑in Fig. 2 , I PS = 0.0125͒. I th and I PS are slightly different because the intensity of the suppressed mode continues to increase after the laser turns on ͑see Fig. 2 , where the black line indicates a constant zero level͒.
Because the turn-on and the PS are stochastic processes driven by noise, for the various cycles of the modulating signal the turn-on and polarization switching events occur at slightly different values of the injection current, and thus, there is a small dispersion of the symbols that indicate these points.
If the current ramp is slow enough ͓Fig. 2͑a͔͒, the intensity traces for increasing and decreasing bias current superpose. The laser turns on for upwards current scans, and turns off for downwards current scans, at the same value of the bias current, equal to 1.8 mV. This value defines the "static" threshold, J s,0 . In Figs. 2͑a͒ and 2͑b͒, the horizontal axis represents the injection current normalized as = J / J s,0 , i.e., such that 0,s = 1. The PS is not abrupt but is accompanied by polarization anticorrelated oscillations. The PS points for upwards and downwards current scans define the "static" bifurcation points, 1,s ϳ 1.025 and 2,s ϳ 1.04, respectively.
For a faster current ramp ͓Fig. 2͑b͔͒, hysteresis is observed and the X-and Y-polarizations intensity traces for increasing and decreasing bias current do not superpose. In Fig. 3 , we plot turn-on points versus the frequency of the current ramp. Lasing threshold occurs at 0 ; PS occurs at 1 ͑ 2 ͒ for the upward ͑downward͒ part of the scan. Figure 3͑a͒ reveals that 0 and 1 increase, while 2 decreases with increasing frequency, as reported previously in ͓11,12͔. A plot of the size of the hysteresis cycle of the laser turn-on, A th = 0 − 0,s , vs the ramp frequency ͓Fig. 3͑b͒, circles͔, and of the size of the PS hysteresis cycle minus the size of the static hysteresis cycle, A PS − A PS,s = ͑ 1 − 2 ͒ − ͑ 1,s − 2,s ͒, vs the ramp frequency ͓Fig. 3͑b͒, triangles͔ reveals power-law relationships with exponents 0.74 and 0.69, respectively.
III. THEORY
In this section we present results of simulations using the spin-flip model ͓23-25͔ that are in good agreement with the observations. We also investigate the influence of noise.
The rate equations for the linearly polarized slowly varying complex amplitudes E x and E y , the total carrier density 
here k is the field decay rate, ␥ N is the decay rate of the total carrier population, ␥ s is the spin-flip rate, and ␣ is the linewidth enhancement factor. ␥ a and ␥ p are linear anisotropies representing dichroism and birefringence, respectively ͓24͔. ␥ a leads to different gain-to-loss ratios and therefore to different thresholds for the two polarizations, with the y polarization having the lower threshold when ␥ a is positive. ␥ p leads to a frequency split between the two polarizations, with the x polarization having the lower frequency when ␥ p is positive. ␤ sp is the strength of the spontaneous emission noise and x,y are independent Gaussian white noise sources with zero mean and unit variance. is the injection current parameter, normalized such that the static lasing threshold is at 0,s =1. The model has steady-state solutions corresponding to linearly polarized states. These are
and
Solutions corresponding to elliptically polarized states also exist ͓24͔.
The stability of these solutions depends not only on the linear anisotropy parameters ͑␥ a ,␥ p ͒, but also on the spin-flip rate and phase-amplitude coupling. The linear stability analysis reveals that in the spin-flip model two types of PS exist; one is from the high frequency to the low frequency polarization and has been referred to in the literature as type I ͓26͔ ͑y → x if ␥ p − ␣␥ a Ͼ 0͒. This PS occurs for positive dichroism and large enough birefringence ͓␥ p Ͼ ␥ s / ͑2␣͔͒. The other type of PS is from the low frequency to the high frequency polarization ͑x → y if ␥ p − ␣␥ a Ͼ 0͒, and occurs for negative dichroism and small birefringence ͑␥ p Ͻ ␥ s / ͑2␣͒, referred to as type II in ͓26͔͒.
The two types of PS are associated with different bifurcation scenarios, as illustrated schematically in Fig. 4 , which represents the linear stability of the x and y polarizations. In Fig. 4 the parameter space ͑␥ p ,͒ is divided in four regions of different stability: in regions I and II only x-or y-polarized solutions are stable, respectively; in region III both linear polarizations are stable, and in region IV, both are unstable.
For parameters corresponding to type I PS ͓Fig. 4͑a͔͒ there is a region of bistability ͑III͒ in between regions I and II and thus, for increasing or decreasing while keeping ␥ p fixed ͓i.e., moving upwards or downwards along a vertical line in Fig. 4͑a͔͒ the PS y → x ͑x → y͒ occurs at the upper ͑lower͒ boundary of region III. Thus, the static bifurcation points for increasing and decreasing current, 1,s and 2,s respectively, are at the upper and at the lower boundary of region III, and are such that 1,s Ͼ 2,s .
However, in the experiments described in the previous section the opposite relation was observed, and this can be understood, within the framework of this model, by considering parameters for type II PS ͓Fig. 4͑b͔͒, and a small birefringence. In this region of parameter space, when increasing ͑decreasing ͒ while keeping ␥ p fixed a PS x → y ͑y → x͒ occurs when going from region I to II ͑or from II to I͒ but in between these regions there is region IV where both linear polarizations are unstable. Thus, the static bifurcation points for increasing and decreasing current are at the boundaries of regions I and II, respectively, and now they are such that 1,s Ͻ 2,s . We investigate the existence of scaling laws for the size of the hysteresis cycles in both types of PS. We solve numerically the model equations with typical VCSEL parameters: In a second step we will consider parameters ͑␥ a ,␥ p ͒ corresponding to type I PS. We will show that type I PS also exhibits scaling laws for the size of the hysteresis cycle vs the ramp frequency. Moreover, in contrast to type II PS, type I PS is abrupt and is not accompanied by polarization anticorrelated oscillations. This allows assessing in a more straightforward way the role of noise. Type II PS is accompanied by polarization oscillations, and thus the PS points are less influenced by the noise, because the oscillations play a role similar to the noise ͑i.e., they help driving the trajectory away from the unstable solution and toward the stable one͒. We will show that noise has a strong impact on type I PS, and in the exponent of the scaling law of the size of the hysteresis cycle. changes the injection current parameter. The amplitude and the extreme values of the triangular signal were kept fixed and were chosen such as to fit the experimental situation. Because in the experiments the bias current was varied between 1.55 mV and 2.0 mV and the static lasing threshold occurred at about 1.8 mV, in the simulation the injection current parameter , that is, the current normalized to the static threshold, varies from i = 0.86 to f = 1.11. Several cycles of the modulating signal are displayed. Because the PS occurs across a region of the parameter space where both polarizations are unstable, antiphased polarization oscillations accompany the PS. To simulate the finite bandwidth of the detectors used in the experiments, in the simulations the polarization oscillations have been smoothed out using an appropriate digital filter. Figure 6͑a͒ displays the numerically calculated turn-on and PS points 0 , 1 , and 2 , vs the frequency of the current ramp. Figure 6͑b͒ displays the size of the hysteresis cycle of the laser turn-on, A th = 0 − 0,s , vs the ramp frequency ͑circles͒, and the size of the PS cycle minus the size of the static cycle, A PS − A PS,s = ͑ 1 − 2 ͒ − ͑ 1,s − 2,s ͒, vs the ramp frequency ͑triangles͒. Power-law relationships are found, with exponents 0.58 and 0.57 for the turn-on cycle and the PS cycle, respectively, that are consistent with those found experimentally.
A. Type II PS and comparison with the experiments

B. Type I PS and the influence of noise
In this section we consider parameters corresponding to type I PS, and thus, as explained above, the static bifurcation points are such that 1,s Ͼ 2,s . The frequency of the triangular signal is varied while the amplitude of the triangular signal is kept fixed: i = 0.8Ͻ 0,s and f = 1.6Ͼ 1,s . Figure 7 displays the numerically calculated L − I curve for two different frequencies of the triangular signal. Several cycles of the modulated signal are shown. In contrast to type II PS analyzed in the previous section, there is a rather abrupt switch from one polarization to the orthogonal one. Figure 8͑a͒ displays the numerically calculated turn-on and PS points 0 , 1 , and 2 , vs the frequency of the current ramp. Figure 8͑b͒ displays the size of the hysteresis cycle of the laser turn-on, A th = 0 − 0,s , vs the ramp frequency ͑circles͒, and the size of the PS cycle minus the size of the static cycle, A PS − A PS,s = ͑ 1 − 2 ͒ − ͑ 1,s − 2,s ͒, vs the ramp frequency ͑triangles͒. Power-law relationships are found, with exponents 0.77 and 0.61 for the turn-on cycle and the PS cycle, respectively.
Our simulations show that there is a strong sensitivity to the level of noise. Not only the turn-on point, but also the PS −4 GHz and ͑b͒ 10 −3 GHz. The PS points for increasing current, for decreasing current, and the turn-on for increasing current are indicated by triangles, squares, and circles, respectively. points are strongly noise dependent. Figures 9 and 10 display results for the same parameters as before, but with higher and lower noise levels, respectively. The exponents of the power-law relations also depend on the noise ͓27͔. Table I presents the exponents for various noise levels. With ␤ sp =0 the laser turns on and depending on the speed of the ramp a PS for upward scans might occur, but no PS was observed in the downward part of the scan, at least, for the range of ramp speeds considered, the initial conditions and ramp extreme values i and f , used in the simulations, that were kept fixed in all the simulations. This indicates that, for this model, the deterministic limit is a singular limit of limited relevance.
IV. CONCLUSIONS AND DISCUSSION
We studied experimentally and numerically the influence of the bias current sweep rate on the turn-on and polarization switching ͑PS͒ hysteresis cycles of vertical-cavity surfaceemitting lasers.
Experimentally, measurements of the polarizationresolved L − I curve were performed. The current supplied to the VCSEL was controlled by a signal generator that provided a triangular signal of fixed amplitude and allowed one to scan the bias current from a value below threshold to a value above the PS point. By varying the frequency of the triangular signal it was found that the size of the hysteresis cycle of ͑i͒ the laser turn-on and turn-off for upwards and downwards scans and ͑ii͒ the PS points for upwards and downwards scans, both follow power-law relationships with the frequency of the current modulation ͓Fig. 3͑b͔͒.
Numerical simulations based on the spin-flip model show good agreement with the experimental observations. The spin-flip model presents two types of PS: from the high to the low frequency polarization ͑type I͒ and from the low to the high frequency polarization ͑type II͒. Type I and type II PS occur in different regions of the parameter space ͑shown schematically in Fig. 4͒ , and have different characteristics. In type I PS there is an abrupt switch from one polarization to the orthogonal one. In between the regions of stable single linear polarization there is a region of bistability, and thus, the PS points for increasing and decreasing current are such that 1 Ͼ 2 . In contrast, type II PS is not abrupt but is usually accompanied by polarization oscillations. If the birefringence parameter is small enough, in between the regions of stable single linear polarization there is a region of instability, where both linear polarizations are unstable, and thus, the PS points are such that 1 Ͻ 2 . This type of PS resembles the experimental situation, where it was observed ͑Fig. 2͒ that the PS was accompanied by polarization oscillations and 1 Ͻ 2 . Numerically, we found scaling laws in both types of PS, with exponents consistent with those found experimentally. However, in the simulations a small value of birefringence parameter was needed in order to observe 1 Ͻ 2 as in the experiments. In the simulations, for type II PS, the frequency difference between the two polarizations is ͑␥ p − ␣␥ a ͒ / ϳ 0.25 GHz, and can be considered small in relation to typical values ͑of the order of a few to several gigahertz͒. We speculate that it is likely that in the VCSEL used in the experiments, light-matter interaction mechanisms not considered in the spin-model model ͑such as nonlinear anisotropies, higher-order contributions of the susceptibility function, four-wave mixing terms͒, are involved in the observed switching dynamics. Moreover, it is to be noticed that the time scales in the experiments and in the simulations differ by two or three orders of magnitude ͑compare the horizontal scales in Figs. 3 and 6͒ . This difference can be attributed to slow mechanisms that are relevant in the experiments and are not included in the model, such as thermal effects ͑the shift of the gain curve and the cavity modes͒ and spatial effects ͑slow carrier diffusion and transverse hole burning͒. Both mechanisms are capable of inducing changes in the modal gains that can result in polarization switching ͓28,29͔.
We also investigated numerically the influence of noise. Because type II PS is accompanied by polarization oscillations, the type II PS points are less affected by noise: the oscillations play a role similar to noise by driving away the trajectory from the unstable solution and toward the stable one. In contrast, type I PS is rather abrupt, in general, not accompanied by oscillations, and thus, is more straightforward to assess the impact of noise. In type I PS the simulations show a critical role of noise in determining the turn-on point, the PS points, and the exponents of the power-law relationships ͑see Table I͒ . A detailed investigation of the role of noise and its relation with various parameters is left for future work.
